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Abstract
The question is discussed: to what extent the often assumed in-
dependence of the phase of the elastic scattering amplitude from the
momentum transfer in the region of only small values of t limits t-
dependence of the phase generally. Analyticity allows to give a proof
that if the phase of a strong interaction scattering amplitude is inde-
pendent on the transferred momentum t at small values of t then it
does so in all physical region. Moreover, if such an independence holds
in any physical energy
√
s region including the values infinitesimally
close to the first inelastic threshold from below the whole scattering
amplitude vanishes. Relationship of the t-dependence of the phase
with the size of the interaction range is also discussed.
1 Introduction
It was mentioned more than once (see, e.g.[1] ) that the use of the popular
Bethe parametrization, suggested as early as in 1958 [2] , for the scattering
amplitude with account of Coulomb exchanges
TC+N(s; t) = TCe
iαϕ(s,t) + TN (s; t) (1)
where
TC = 8pisαF
2(t)/t
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(with F (t) the electric form factor) leads to the phase ΦN(s; t) of the strong
interaction amplitude1 TN(s; t) =| TN(s; t) | exp(iΦN (s; t)) which is indepen-
dent on t.
In phenomenological practice this independence makes many things much
easier and is often assumed (see e.g.[3] ) and used to extract the ratio
ρ(s)
.
= ReTN (s; 0)/ImTN(s; 0)
from the experimental data.
2 Analyticity
In many cases, however, such a t-independence is supposed to hold ”for small
values of t” only. Below we consider to which extent this reservation allows
” freedom of choice” at arbitrary transfers.
To formalize the assumption in question, let us consider the quantity
ρ(s, t) = ReTN (s; t)/ImTN(s; t) = cotΦN (s, t)
where TN (s; t) is taken for simplicity the elastic scattering amplitude of iden-
tical strongly interacting scalars with sel = 4m
2.
Both ReTN(s; t) and ImTN (s; t) which are real and imaginary parts of
the boundary value TN(s+ i0, t) of an analytic function TN(s, t) at physical
s are analytic in t in the Martin ellipse [4]
| 4p2 + t | + | t |< 4p2(1 + 4m2/p2)1/2
with focii at t = 0 and t = −4p2 = s + 4m2 and semi-major axis 2p2(1 +
4m2/p2)1/2.
Assume that ρ(s, t) ( and thus ΦN (s; t)) is t-independent in the interval
(−τ ≤ t ≤ 0] where τ > 0 is arbitrarily small while s takes physical values
in some interval on [4m2,+∞). The following theorem then holds.
Theorem I.
Let ρ(s; t) is independent on t at t ∈ (−τ, 0] and at s ∈ [s1, s2] ⊂
[4m2,+∞). Then ρ(s; t) is independent on t inside the Martin ellipse and,
in particular, in the whole physical region −4p2 ≤ t ≤ 0 with s ∈ ∀[s1, s2] ⊂
[4m2,+∞).
1TN (s; t) ≡ TN(s+ i0, t), s ≥ sel .
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Proof. The assumed t - independence of ρ(s; t) ≡ ρ(s) at −τ < t ≤ 0 and
physical s ∈ ∀[s1, s2] ⊂ [4m2,+∞) implies the following relationship
ReTN (s; t) |[−τ≤t≤0]= ρ(s) · ImTN (s; t) |[−τ≤t≤0] . (2)
The function
f(t)
.
= ReTN (s; t)− ρ(s) · ImTN (s; t)
at fixed s as defined in the hypothesis of the theorem
1) is analytic inside the Martin ellipse and
2) vanishes on the interval (−τ ≤ t ≤ 0] lying inside the analyticity
domain.
From the uniqueness theorem for analytic functions [5] we conclude that
f(t) ≡ 0,
inside the Martin ellipse and s ∈ ∀[s1, s2] ⊂ [4m2,+∞). This holds, in
particular, at all physical values of t which are contained in this ellipse. So,
ρ(s; t) ≡ ρ(s), and hence the phase ΦN (s; t), does not depend on t at all
physical t:
ΦN(s; t) = arctan(1/ρ(s))
Q.E.D.
Note that for the proof we could use even the narrower analyticity domain,
the Lehmann ellipse.
3 Unitarity
The unitarity condition enables us to prove the following
Theorem II
If the phase ΦN (s; t) of the physical scattering amplitude
TN (s; t) =| TN (s; t) | exp(iΦN(s; t))
is independent on t at t ∈ (−τ, 0], where a positive number τ is arbitrar-
ily small and the energy region contains the values s ∈ [s1, s2] ⊂ [sinel −
∆s, sinel),where sinel denotes the lowest inelastic threshold and ∆s ≪ sinel,
then TN (s, t) ≡ 0 in all physical region of t and s.
Proof. From the Theorem I proved in the previous Section we deal with
the amplitude TN (s, t) the phase of which is independent on t,which leads to
the following relationship
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TN (s; t) = TN(s+ i0, t)|s∈[s1,s2] = (1 + iω(s))ReTN(s; t). (3)
Let us take use of the unitarity condition
al(s) = al(s)
2 + rl(s)
2 + ηl(s) (4)
for partial waves where
al(s) =
1
32pi
√
1− 4m
2
s
∫
d cos θPl(cos θ)ImTN (s, cos θ)) (5)
rl(s) =
1
32pi
√
1− 4m
2
s
∫
d cos θPl(cos θ)ReTN(s, cos θ) (6)
and ηl(s) is the contribution of all inelastic channels, with t = −2p2(1−cosθ).
It follows from Eq.(3) that at s ∈ [s1, s2] ⊂ [sinel − ∆s, sinel) (when
ηl(s) = 0) we get the following ”solution” of the unitarity equation ( al(s) =
a2l (s) + r
2
l (s)) :
rl = ω(s)/(1 + ω
2(s)) = ρ(s)/(1 + ρ2(s)). (7)
From this we already see an evident disadvantage of this ”solution”: the par-
tial wave amplitude does not decrease with the growth of angular momentum
l as follows from the analyticity in t and polynomial boundedness in s 2 [4].
The very form of the ”solution” (7) implies that
TN(s; t) =
ω(s)(1 + iω(s))
(1 + ω2(s))
16pi
√
s√
s− 4m2
∑
l≥0
(2l + 1)Pl(cos θ) = (8)
=
ω(s)(1 + iω(s))
(1 + ω2(s))
32pi
√
s√
s− 4m2 δ(1− cos θ).
Thus we see that at θ 6= 0 and s ∈ [s1, s2] ⊂ [sinel −∆s, sinel) the scattering
amplitude vanishes.
It follows, in particular, that on the interval s ∈ [s1, s2] ⊂ [sinel−∆s, sinel)
the discontinuity of the scattering amplitude is zero. Now, even with a mod-
est assumption that the scattering amplitude is analytic in s in the vicinity
of the s-channel physical region [4m2,+∞) we conclude, again on the basis
of the uniqueness property of analytical functions, that TN(s, t) being van-
ishing on the segment [s1, s2] should vanish in the whole analyticity domain,
including the physical region.Q.E.D.
2I am grateful to A. Samokhin for this observation.
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4 Conclusion and Discussion
So, we see that - at first glance, not very restrictive - the condition of indepen-
dence of the phase of the elastic scattering amplitude from the momentum
transfer t in an arbitrarily small real neighborhood of the point t = 0 leads
to a very significant result: the independence of the phase from momentum
transfers textit in the entire physical area of the latter.
Accounting for the unitarity condition leads to the fact that in the re-
gion of purely elastic scattering (below inelastic thresholds) the phase of the
amplitude along the momentum transfer textit cannot be independent of t
even on an arbitrarily small interval of transmitted momenta - otherwise the
scattering amplitude turns out to be identically equal to zero.
The conclusion about the constancy of the phase as a function of the
transmitted momenta given above does not use the fact that the real and
imaginary parts of the scattering amplitude are not completely independent,
because they are connected by dispersion relations due to analyticity in en-
ergy . There are few strictly proved dispersion relations: they relate to
pion-nucleon and kaon-nucleon scattering and for very limited momentum
transfer values.
If you do not make too stringent requirements for rigor, then ”at the level
of heuristic considerations” and using dispersion relations, one can get the
following result:
under the conditions of Theorem I and for ”sufficiently high energies” the
scattering amplitude is factorized:
TN (s; t) |s→∞=⇒ F (s)) ·G(t). (9)
Such factorization is unacceptable, if only because it sharply contradicts
the known experimental facts. Thus, if we take into account the above as a
sufficient basis, then the phase of the scattering amplitude cannot be inde-
pendent of momentum transfers even at their arbitrarily small intervals.
From the practical point of view t -independence of the scattering phase
can be implemented as ”a weak t-dependence ”(at least at small t) which
can be implemented in the smallness of ∂ΦN
∂t
(s; 0). At the moment the only
thing we know about the rate of t -dependence of the phase at small t is the
relationship [6]
∂ΦN
∂t
(s; 0) =
1
4
tg(ΦN(s; 0))[〈b2〉tot − 2B(s)] (10)
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where B(s) is the forward slope of dσ/dt (observed) and 〈b2〉tot is the total
transverse extent of the interaction region (unobserved . With t-independent
phase we would have 〈b2〉tot = 2B(s) (widely assumed).
How weak such a rate can be without contradiction to basic principles is
an open question at the moment.
In Eq.(10) one can see the relationship of the scattering phase and its t-
dependence with the spatial characteristics, viz., the transverse range 〈b2〉tot
of the interaction region.
There is a more direct relation if to consider also the longitudinal range.
The average longitudinal size of the interaction region in s.c.m., 〈∆x∗‖〉, is
related to the phase of the scattering amplitude as follows [7]:
〈∆x∗‖〉 = 2
√
s〈∂ΦN (s, t)
∂t
〉 = 2
√
s
σel
∫
dt
dσel
dt
∂ΦN (s, t)
∂t
.
If the phase is independent of t, then
〈∆x∗‖〉 = 0.
This, however, contradicts the long-known phenomenon of an increase
in the longitudinal range of the interaction region with an increase of the
collision energy [8].
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